2. fP[x] x" (a+bx")Pdx whenp-1ez*Anez*An-mez*AP[x,n-m-1] #0

1: JP[X] (a+bx")?dx whenp-1ez*An-1ez*AP[x, n-1] #0

Derivation: Algebraic expansion and power rule for integration
Note: If pix; has an-1degree term, this rule removes it from pixj.
Rule:lf p-1€z2*An-1€Z"AP[Xx, n—-m-1] # 0,then

Jp[x] (a+bx")?dx — P[x, n-1] Jx"'l (a+bx")pdx+J(P[x] -P[x, n-1]1 x"*) (a+bx")?dx

P[X, n-1] (a+bx")’J+1
- +J(P[X] -P[x, n-1]1 x"?) (a+bx")"dx
bn (p+1)

Program code:

Int[Px_x(a_+b_.*x_"n_)~p_,x_Symbol] :=
Coeff[Px,x,n-1] % (a+b*x”*n)” (p+1) / (bxn* (p+1)) +
Int[ (Px-Coeff[Px,X,n-1]*x"(n-1))x (a+bxx*n)"p,x| /;
FreeQ[{a,b},x] && PolyQ[Px,x] & IGtQ[p,1] & IGtQ[n,1] & NeQ[Coeff[Px,x,n-1],8] & NeQ[Px,Coeff[Px,x,n-1]+x"(n-1)| &&
Not [MatchQ[Px,Qx_.* (c_+d_.+x"m_)"*q_ /;
FreeQ[{c,d},x] & PolyQ[Qx,x] && IGtQ[q,1] && IGtQ[m,1] && NeQ[Coeff [Qxx (a+b*x"n)~p,x,m-1],0] & GtQ[mxq,n«p]]]

2: JP[X] x" (a+bx")Pdx whenp-1ez*An-mez*AP[x, n-m-1] #0

Derivation: Algebraic expansion and power rule for integration
Note: If pix; has an-m-1degree term, this rule removes it frompx;.
Rule:lf p-1€Z*An-meZ"AP[Xx, n—-m-1] # 0,then

JP[X] x" (a+bx")Pdx — P[x, n-m-1] Jx"‘l (a+bx")pd1x+J(P[x] -P[x, n-m-1] x""*) x" (a+bx")”dx



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

P[x, n-m-1] (a+bx")P"?
. ¢ (P01 PO mom =11 602) 0 (2 4B an
bn (p+1)

Program code:

Int[Px_*x_"m_.*(a_+b_.*x_"n_.)"p_,x_Symbol] :=
Coeff [Px,x,n-m-1] % (a+bxx*n) ~ (p+1) / (bxnx (p+1)) +
Int[ (Px-Coeff [PX,X,n-m-1]*Xx" (n-m-1) ) xx mx (a+bxx*n) ~p,x]| /;
FreeQ[{a,b,m,n},x] & PolyQ[Px,x] && IGtQ[p,1] && IGtQ[n-m,0] && NeQ[Coeff [Px,Xx,n-m-1],0]

?: fux'" (ax"+bxq+---)"d1x whennez

Derivation: Algebraic simplification
Basis: axP+bx%+ .- =xP (a+bxaP+...)
Rule: If n € Z, then

Jux"‘ (axP+bx%+ ---)"dlx — jux“"’np (a+bx¥P+ ---)"dlx

Program code:

Int[u_.*x_"m_.*(a_.*x_"~p_.+b_.*x_"q_.)"n_.,x_Symbol] :=
Int [uxx” (m+nxp) * (a+bxx” (q-p) ) *n,x] /;
FreeQ[{a,b,m,p,q},x] && IntegerQ[n] && PosQ[q-p]

Int[u_.*x_"m_.*(a_.*Xx_"p_.+b_.*x_"q_.+c_.*x_"r_.)"n_.,x_Symbol] :=
Int [uxx” (m+nxp) * (a+bxx” (q-p) +c*x” (r-p) ) *n,x] /;
FreeQ[{a,b,c,m,p,q,r},x] & IntegerQ[n] && PosQ[gq-p] && PosQ[r-p]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

?: fu P[x]PQ[x]%dx when PolynomialRemainder [P[Xx], Q[X], X] =@ ApPEZ A pq<®©

Derivation: Algebraic simplification

Basis: If PolynomialRemainder [P[x], Q[x], X] =0 A p € Z, then
P[x]PQ[x]9 == PolynomialQuotient[P[x], Q[x], x]P Q[x]P*a

Rule: If PolynomialRemainder [P[x], Q[X], X] =@ A peZ A pq< 0,then

ju P[x]PQ[x]9dx — J-u PolynomialQuotient [P[x], Q[x], x]P Q[x]P"9dx

Program code:

Int[u_.*Px_"p_.*Qx_"q_.,x_Symbol] :=
Int[uxPolynomialQuotient [Px,Qx,Xx] p*Qx" (p+q),x]| /;
FreeQ[q,x] & PolyQ[Px,x] && PolyQ[Qx,x] && EqQ[PolynomialRemainder[Px,Qx,x],0] && IntegerQ[p] & LtQ[p=q,0]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

?. jQ,.[x] F[Pq[x]] dx

Py [X]
: Qp[ : dx when p==q-1 A P,[x] ==q—";i[5;"-j]—aqu[x]
q [X o

Derivation: Reciprocal integration rule

Rule:If p=q-1 A P,[x] = —2XPL 5 Q,[x],then

qQq[X%,q]

Pp [X] Py [X, p] OxQq [X] Pp[X, p] Log[Qq[Xx]]
—dx — dx —

Qq [X] qQq[X, q] Qq [X] qQq[X, q]

Program code:

Int[Pp_/Qq_,x_Symbol] :=
With [ {p=Expon [Pp,x] ,q=Expon[Qq,Xx]},
Coeff [Pp,X,p] xLog [RemoveContent [Qq,x] ]/ (q*Coeff[Qq,X,q]) /;
EqQ[p,q-1] && EqQ[Pp,Simplify[Coeff[Pp,x,p]/(q+Coeff[Qq,x,q])*D[Qa,x1]]] /3
PolyQ[Pp,x] && PolyQ[Qq,X]

2: JPP[X] Qq[x]1"dx whenm#-1 A p+mq+1#0 A (p+mqg+1) Qq[X, q] Pp[X] =Pp[X, p1 XP™ ((p-q+1) Qq[X] + (m+1) XxQq[x])

Derivation: Derivative divides

Basis: xP9Qq[x1™ ((P-aq+1) QqIx] + (m+1) X 8,Qq[X]) == 8 (XP~%*2 Qq[x]™?)

Note: The degree of the polynomial xr-a ((p-q+1) Qqx] + (m+1) x8,Qq[x]) is p and the leading coefficient is

(p+mq+1) Qqlx, ql.

Rule:lfm# -1 Ap+mgq+1+0 A , then
(p+md+1) Qq[X, q] Pp[X] =Pp[X, p] XP7% ((p-q+1)Qq[X] + (Mm+1) XOxQq[X])



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

Py [X, p] Po[X, p] xP~9*1 Qq[x]™?!

(p+mqg+1) Qq[x) q]

Jpp[x] Qq[x]"dx — Jx"'q QaIX]™ ((P-q+1) Qq[xX] + (M+1) X 3y Qq[x]) dX —>

(p+mqg+1) Qq[x) ql

Program code:

Int[Pp_x*Qq_"m_.,x_Symbol] :=
With [ {p=Expon [Pp,Xx] ,q=Expon[Qq,X] },
Coeff [Pp,X,p] +x* (p-q+1) xQq” (m+1) / ( (p+m+q+1) xCoeff[Qq,X,q]) /;
NeQ[p+m#q+1,0] & EqQ[ (p+m#q+1) «Coeff[Qq,X,q] «Pp,Coeff [Pp,X,p]*Xx" (p-q) * ((p-q+1) »Qq+ (m+1) +x*D[Qq,x]) |] /3
FreeQ[m,x] && PolyQ[Pp,x] && PolyQ[Qq,x] && NeQ[m,-1]

Int[x_"m_.*(al_+bl_.xx_"n_.)"p_=*(a2_+b2_.xx_"n_.)"p_,x_Symbol] :=
(al+blxx”n)~ (p+1) * (a2+b2xx~n) ~ (p+1) / (2xblxb2xnx (p+1)) /;
FreeQ[{al,bl,a2,b2,m,n,p},x] && EqQ[a2xbl+alxb2,0] && EqQ[m-2xn+1,0] && NeQ[p,-1]

3: Jpp[x] Qq[Xx]1™R-[x]" dx when

m#-1 An£-1 Ap+mq+nr+1+£0 A
(p+mq+nr+1) Qu[X, q] Re[X, r]1 Py[x] =Py[x, p] XP9" ((p-q-r+1) Q[x] R [Xx] + (Mm+1) XR.[X] 0xQq[X] + (n+1) xQq[Xx] OxR.[X])

Derivation: Derivative divides
Basis: xP-a-r @, [x]™ R, [x]" ((P-q-r+1) Qq[x] R-[X] + (m+1) XRr[X] 8xQq[X] + (N +1) xQq[X] 8xRr[X]) == 8 (XP~9-"*1 Qq [x]™* R, [x]"*?)

Note: The degree of the polynomial xr-a-r ((p-q-r+1) Qq[x] Re[x] + (m+1) xRe[x] 8xQq[x] + (n+1) xQq[x] &R.[x]) iS p and the
leading coefficient is (p+mqg+nr+1) Qu[Xx, q] Re[X, rl.

Rule: If

m+-1An-1Ap+mg+nr+1+0 A (p+mg+nr+1)Qq[X, q] Rr[X, P] Pp[X] == ,
Pp[x, p] XP9°" ((p-q-r+1)Qq[X] Rr[X] + (m+1) XRr[X] OxQq[X] + (N+1) xQq[X] OxRr[X])

then

jpp[x] Qq[x]"Rr[x]"dx —



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

Pp [X,
o [ P pr'q_r Qq[X]"Re[X]" ((P-G-r+1) Qq[x] Re[X] + (m+1) XRe[X] 0xQq[X] + (n+1) XQq[X] OxR-[Xx]) dX —

(p+mqg+nr+1) Qqx, q] Rr[X, 1]

Pp[X, p] XP~97"*% Qg [x]™* R [x] "

(p+mq+nr+1) Qq[x, q] Rr[X, r]

Program code:

Int[Pp_x*Qq_"m_.xRr_"n_.,x_Symbol] :=
with[{p=Expon[Pp,x],q=Expon[Qq,x],r:Expon[Rr,x]},
Coeff[Pp,x,p]*xA(p-q—r+1)*QqA(m+1)*RrA(n+1)/((p+m*q+n*r+1)*Coeff[Qq,x,q]*Coeff[Rr,x,r]) /5
NeQ[p+m*q+nxr+1,0] &&
EqQ[ (p+mxq+n«r+1) xCoeff[Qq,X,q] xCoeff [Rr,X,r] xPp,Coeff [Pp,X,p] *Xx" (p-q-r) * ((P-q-r+1) xQq*Rr+ (m+1) xx*Rr*D[Qq,X] + (n+1) xx*Qq*D[Rr,x]) || /;
FreeQ[{m,n},x] &% PolyQ[Pp,x] &% PolyQ[Qq,x] && PolyQ[Rr,x] && NeQ[m,-1] && NeQ[n,-1]

. n\p X . X,r
4: er[x] (a+bPq[x]")" dx when —Q"-U—aqu[x] = ‘QLL'_]‘qpq[x,q]

Derivation: Integration by substitution (derivative divides)

Basis: If 2=xL __ QLL’—L ,then Frpgx11 Qe x] = 2L Subst [F[x], X, Pq[X]] 8xPq[X]
] q q

OxPq [X] qPq[x qPq[x,q
" Rule: If Xl . Qelx,r , then
OxPq [ ] qPq[X,

Q- [x, r]
Ly =

JQ,. [x] (a+bPq[x]")"dx
qPq[x, ql

Subst [J(a +b X") Pdx, x, Pq[x] ]

Program code:

Int[Qr_x(a_.+b_.*Pq_“~n_.)"p_.,x_Symbol] :=
With [ {gq=Expon [Pq,x] ,r=Expon[Qr,x]},
Coeff[Qr,x,r]/(qxCoeff[Pq,x,q]) *Subst [Int[ (a+bxx"n)~p,x],X,Pq] /;
EqQ[r,q-1] & EqQ[Coeff[Qr,x,r]+D[Pq,x],q*Coeff[Pq,x,q]+Qr]] /;
FreeQ[{a,b,n,p},x] && PolyQ[Pq,x] && PolyQ[Qr,x]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

. n 2n\p X1 __ Qelx,r]
5: JQr[x] (a+bPq[x]"+cPq[x]*")? dx when Pl

Derivation: Integration by substitution (derivative divides)

e Qr[Xx]  __ Qr[X,r] o el
Basis: If SPelx] - aPalxal’ then Frp[x171 Q- [x] = ol SUbSE[F[X], X, Pq[X]] 0,Pq[X]
© Rule: If QX1 o QDG then
OxPq [X] qPq[x,q]’
Q- [x, r]
Q-[x] (a+bPg[x]"+cPy[x]2")Pdx — ————— Subst a+bx"+cx*")Pdx, x, Pq[x]
J ( ‘ ! ) qPqlx, q] U( ) ‘ ]

Program code:

Int[Qr_x(a_.+b_.*Pq_~n_.+c_.*Pq_"n2_.)"p_.,x_Symbol] :=

Module[{q:Expon [Pg,x],r=Expon[Qr,x]},

Coeff[Qr,x,r]/(q+Coeff[Pg,x,q]) *Subst [Int [ (a+bsx n+cxx” (2#n))*p,x],X,Pq] /;
EqQ[r,q-1] && EqQ[Coeff[Qr,x,r]+D[Pq,x],q+Coeff[Pq,x,q]+Qr]] /;
FreeQ[{a,b,c,n,p},x] &% EqQ[n2,2xn] && PolyQ[Pq,x] && PolyQ[Qr,x]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

2 Ju (axp+bxq+~-)"d1x whennez

Derivation: Algebraic simplification
Basis: a xP + b x9 == xP (a + b x9°P)
Rule: If n € Z, then

Ju (axp+bxq+---)"d1x — jux”p (a+bxq"’+---)"dlx

Program code:

Int[u_.*(a_.*x_"p_.+b_.*x_"q_.)”n_.,x_Symbol] :=
Int [uxx” (nxp) * (a+bxx” (q-p) ) *n,x] /;
FreeQ[{a,b,p,q},x] &% IntegerQ[n] && PosQ[q-p]

Int[u_.x(a_.*x_"p_.+b_.*x_"q_.+c_.*x_"r_.)"n_.,x_Symbol] :=
Int [uxx” (nxp) * (a+bxXx” (q-p) +Cc*x” (r-p) ) *n,x] /;
FreeQ[{a,b,c,p,q,r},x] &% IntegerQ[n] && PosQ[q-p] && PosQ[r-p]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

Rules for integrands of the form P[x] (a+bx)" (c +dx)" (e + fx)P (g + hx) 1

dx when 2mez

1 -J- (a+bx)™ (A+Bx)
Ve+dx Ves+fx Vg+hx

(a+bx)™ (A+BXx)
1.j dx when 2mezZ A m>90

Verdx Ve+fx Vg+hx

. _f Va+bx (A+Bx)

. Ve+dx Ve fx \/g+hx
X'J Va+bx (A+Bx)

Ve+dx Ves+fx Vg+hx

dx

dx when 2Adf-B (de+cf) =

Rule: If 2adf-B (de+cf) =0, then

J‘ Va+bx (A+Bx)

dx —
Verdx Ve+fx Vg+hx
BVa+bx Ve+fx Vg+hx B(bg—ah)J- Ve + fx 4 B(de-cf) (dg—ch)J Va+bx 4
- X + X
fhVc+dx 2fh Ya+bx Ve+dx '\/g+hx 2dfh (c+dx)32vVe+fx Vg+hx

Program code:

(» Int[Sqrt[a_.+b_.*x_]*(A_.+B_.*x_)/(Sart[c_.+d_.+x_]*Sqrt[e_.+f_.*x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
BxSqrt[a+bxx] +Sqrt[e+fxx]+Sqrt[g+h«x]/(fxhxSqrt[c+dsx]) -
Bx (bxg-axh) /(2xfxh) xInt[Sqrt[e+fxx]/(Sqrt[a+bxx] +Sqrt[c+d+x]+Sqrt[g+hxx]),x] +
Bx (dxe-cxf) x (dxg-cxh) /(2xdxfxh) xInt [Sqrt[a+bxx]/( (c+d*x) " (3/2) +Sqrt[e+fx]+Sqrt[g+h+x]),x] /;
FreeQ[{a,b,c,d,e,f,g,h,A,B},x]| && EqQ[2xAxdxf-Bx (dxe+cxf),0] x)



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

1_J~ YVa+bx (A+Bx)

dx when 2Adf-B (de+cf) =
Verdx Ve+fx Vg+hx

Rule: If 2adf-B (de+cf) =0, then

J‘ Va+bx (A+Bx)

dx —
Ve+dx Ves+fx Vg+hx
bBVc+dx Ve+fx \/g+hx B(bg—ah)J- Ve+fx 4 B(be—af) (bg—ah)J- Ve+dx g
- X +
dfhVa+bx 2fh Va+bx Vc+dx Vg+hx 2dfh (a+bx)32vVe+fx Vg+hx

Program code:

Int[Sqrt[a_.+b_.*x_]*(A_.+B_.*x_)/(Sqrt[c_.+d_.+x_]Sqrt[e_.+f_.*x_]*Sqrt[g_.+h_.+x_]),x_Symbol] :=
bxBxSqrt[c+d+x] +Sqrt[e+fxx] +Sqrt[g+h«x]/(d+fxhxSqrt[a+bsx]) -
Bx (bxg-axh) /(2xfxh) +Int[Sqrt[e+fxx]/(Sqrt[a+bsx] *Sqrt[c+d«x] *Sqrt[g+hxx]),x] +
Bx (b*e—a*f) * (b*g—a*h)/(Z*d*f*h) *Int [Sqr't [c+d*x]/( (a+bxx)~ (3/2) *Sqrt [e+f*x] *Sqrt[g+hxx] ) ,x] /8
FreeQ[{a,b,c,d,e,f,g,h,A,B},x]| && EqQ[2+Axdxf-Bx (dxe+cxf),0]

dx when 2Adf—B(de+cf) #0

J YVa+bx (A+BXx)
X:

Ve+dx Ve+fx Vg+hx

Derivation: Algebraic expansion

2Adf-B (de+c f) " B (de+cf+2df x)
2df 2df

Basis: A + B x ==

Rule: If 2adf-8 (de+cf) 2o, then

dx —

J‘ Va+bx (A+Bx)

Ve+rdx Ves+fx \/g+hx

X
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Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

2Ad-F—B(de+c-F)J- va+bx B JVa+bx (de+cf+2dfx)
dx + dx

2df Ve+rdx Ve+fx \/g+|1x 2df Ve+dx Ve+fx W/g+I1X

Program code:

(» Int[Sqrt[a_.+b_.*x_]+(A_.+B_.*x_)/(Sart[c_.+d_.+x_]*Sqrt[e_.+f_.*x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=

(2*A*d*'F—B* (d*e+c*f) )/(Z*d*f) *Int [Sqr‘t [a+b*x]/(Sqr‘t [c+d*x] *Sqgrt [e+‘F*x] *Sqrt[g+hxx] ) ,x] +
B/ (2+d+f) +Int[ (Sqrt[a+bxx]« (dxe+csf+2xdxfxx))/(Sqrt[c+d«x]+Sqrt[e+fsx]|+Sqrt[g+h+x]),x] /;
FreeQ[{a,b,c,d,e,f,g,h,A,B},x]| 8& NeQ[2xAxdxf-Bx (dxe+cxf),0] x)
YVa+bx (A+BXx)
Z:J dx when 2Adf-B (de+cf) #0
Ve+dx Ve fx \/g+hx
Rule: If 2Adf—B(de+cf)¢0,then
Va+bx (A+Bx)
J\ dx —
Ve+dx Ve+fx Vg+hx
BVa+bx Ve+fx Vg+hx B(de—c-F) (dg—ch)J- Va+bx 4
+ X -
fhVc+dx 2dfh (c+dx)32Ve+fx Vg+hx
B(be-af) (bg—ah)J 1 2Abdfh+B (adfh-b(dfg+deh+cfh)) Va+bx
dx + J dx
2bfh Va+bx Ve+dx Ve+fx Vg+hx 2bdfh Ve+rdx Ves+fx Vg+hx

Program code:

Int[Sqrt[a_.+b_.+«x_]#(A_.+B_.*x_)/(Sart[c_.+d_.+x_]+Sqrt[e_.+f_.+x_]*Sqrt[g_.+h_.*x_]),x_Symbol] :=
BxSqrt[a+bxx] *Sqrt [e+'F*x] *Sqrt [g+h*x]/(f*h*Sqr‘t [c+dxX] ) +
B*(d*e—c*f)*(d*g-c*h)/(z*d*f*h)*Int[Sqrt[a+b*x]/((c+d*x)A(3/2)*Sqrt[e+f*x]*Sqrt[g+h*x]),x] -
Bx (b*e—a*f) * (b*g—a*h)/(Z*b*f*h) *Int [1/(Sqr't [a+bxXx] *Sqrt [c+dxx] *Sqrt [e+-F*x] *Sqrt[g+hxx] ) ,X] +
(2*A*b*d*f*h+B* (a*d*f*h—b* (d*f*g+d*e*h+C*‘F*h) ) )/(Z*b*d*f*h) *Int [Sqr‘t [a+b*x]/(Sqr‘t [c+dxXx] *Sqrt [e+f*x] *Sqrt[g+hxx] ) ,x] /8
FreeQ[{a,b,c,d,e,f,g,h,A,B},x]| && NeQ[2xAxdxf-Bx (dxe+cxf),0]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

dx when 2meZ A m>0

” J- (a+bx)™ (A+BX)
Ve+dx Ve+fx Vg+hx

Rule:lIf 2mezZ A m > 9, then

(a+bx)™ (A+Bx)
j dx —
Ve+rdx Ves+fx \/g+hx
1 (a+bx)™? ,
J (aAdfh (2m+3) + (Ab+aB) dfh (2m+3) x+bBdFfh (2m+3) x?) dx
dfh 2m+3) J e dax Ve fx Vg+hx

Program code:

Int[(a_.+b_.#x_)"m_.x(A_.+B_.+x_)/(Sqrt[c_.+d_.+x_]*Sqrt[e_.+f_.+x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
1/(d*f*h* (2%m+3) ) *Int [ ( (a+bxx) (m—1)/(Sqr't [c+dxXx] *Sqrt [e+'F*x] *Sqrt[g+hxx] ) ) *
Simp[a*A*d*-F*h* (2xm+3) + (Axb+axB) xd*fxhx (2xm+3) *x+bxBxdxfxhx (2xm+3) *X"Z,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,h,A,B},x]| && IntegerQ[2+m] && GtQ[m,0]

dx when 2mezZ A m<@

2 J‘ (a+bx)™ (A+BXx)
Verdx Ve+fx Vg+hx

A+Bx
1:J- dx
Va+bx Ve+rdx Ves+fx \/g+hx

Derivation: Algebraic expansion

Basis: A+Bx __ Ab-aB +B\/a+bx
A/ a+b x b+ a+bx b

Rule:

A+BXx
j dx —
Va+rbx Vc+dx Ve+fx Vg+hx




Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

Ab-aB 1 B a+bx
b J~ 4 J~ V b 4
X+ — X
o Va+bx Ve+dx Ves+fx Vg+hx b Ve+dx Ve fx Vg+hx

Program code:

Int[(A_.+B_.#x_)/(Sqrt[a_.+b_.*x_]*Sqrt[c_.+d_.+x_]Sqrt[e_.+f_.»x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
(Axb-axB) /bxInt[1/(Sqrt[a+bsx]+Sqrt[c+d«x] +Sqrt[e+f+x]+Sqrt[g+hxx]),x] +
B/b*Int[Sqrt[a+b*x]/(Sqr‘t[c+d*x]*Sqr't[e+f*x]*Sqr't[g+h*x]),x] /3

FreeQ[{a,b,c,d,e,f,g,h,A,B},x]

13



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

(a+bx)" (A+Bx+sz)
2:j dx when 2mezZ A m< -1

Ve+dx Ves+fx \/g+hx

Rule:lf 2mezZ A m< -1,then

(@a+bx)" (A+Bx+Cx?)
dx —

Ve+rdx Vesrfx Vg+hx

(Ab?-abB+a’C) (a+bx)™Vec+dx Ve+fx Vg+hx

(m+1) (bc-ad) (be-af) (bg-ah)

1 J- (a+bx)™?
2(m+1) (bc-ad) (be-af) (bg-ah) J/c,dx Ve+fx Vg+hx
(A(2a®dfh (m+1) -2ab (m+1) (dfg+deh+cfh) +b> (2m+3) (deg+cfg+ceh)) - (bB-aC) (a(deg+cfg+ceh)+2bceg (m+1)) -
2((Ab-aB) (adfh(m+1) -b(m+2) (dfg+deh+cfh))-C(a’®(dfg+deh+cfh)-b’ceg(m+1) +ab(m+1) (deg+cfg+ceh))) x+
dfh (2m+5) (Ab*>-abB+a’C) x*) dx

Program code:

Int[(a_.+b_.«x_)"m_x (A_.+B_.*x_)/(Sqrt[c_.+d_.+x_]+Sqrt[e_.+f_.*x_]+Sqrt[g_.+h_.+x_]),x_Symbol] :=
(A*bAz—a*b*B)*(a+b*x)A(m+1)*Sqrt[c+d*x]*Sqrt[e+f*x]*Sqrt[g+h*x]/((m+1)*(b*c—a*d)*(b*e—a*f)*(b*g—a*h)) -
1/(2*(m+1)*(b*c—a*d)*(b*e—a*f)*(b*g—a*h))*Int[((a+b*x)“(m+1)/(Sqrt[c+d*x]*Sqrt[e+f*x]*Sqrt[g+h*x]))*

Simp[A*(Z*aAz*d*f*h*(m+1)—2*a*b*(m+1)*(d*f*g+d*e*h+c*f*h)+bA2*(2*m+3)*(d*e*g+c*f*g+C*e*h)) -
b*B*(a*(d*e*g+C*f*g+C*E*h)+2*b*C*e*g*(m+1)) -
2*((A*b—a*B)*(a*d*f*h*(m+1)—b*(m+2)*(d*f*g+d*e*h+C*f*h)))*x +

d*f*h*(2*m+5)*(A*bAZ—a*b*B)*xAz,x],x] 78
FreeQ[{a,b,c,d,e,f,g,h,A,B},x] && IntegerQ[2+m] && LtQ[m,-1]

14



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

dx when 2mez

) j (@a+bx)" (A+BX+Cx2)

Ve+dx Ve+fx Vg+hx

dx when 2mezZ A m>90

] J- (@a+bx)™ (A+Bx+Cx?)

Ve+rdx Ves+fx ‘\/g+hx

Rule:lIf 2mezZ A m> 9, then

(@a+bx)™ (A+Bx+Cx?)
J dx —

Ve+rdx Ve+fx \/g+hx

2C(a+bx)'“Vc+dx Ve+fx Vg+hx
dfh (2m+3)

+

1 J‘ (a+bx)m?
dfh (2m+3) J[c7dx Ve+fx Vg+hx
(aAdfh (2m+3) -C(a(deg+cfg+ceh) +2bcegm) +
((Ab+aB)dfh (2m+3) -C (2a(dfg+deh+cfh)+b(2m+1) (deg+cfg+ceh))) x+
(bBdfh (2m+3) +2C (adfhm-b (m+1) (dfg+deh+cfh)))x*) dx

Program code:

Int [ (a_.+b_.xx_ )™m_.*x (A_.+B_.*x_+C_. *x_"Z)/(Sqr‘t [c_.+d_.*x_]=*Sqrt [e_. +f_. *x_] *Sqrt[g_.+h_.*x_] ) ,x_Symbol] S
2xCx (a+bxx) "mxSqrt [c+d«x] *Sqrt[e+Ff+x] +Sqrt [g+hxx] / (dxFfxhx (2xm+3)) +
1/(d*f*h* (2%xm+3) ) *Int [ ( (a+bxx)~ (m—1)/(Sqrt [c+dxXx] *Sqrt [e+f*x] *Sqrt[g+hxx] ) ) *
Simp [a*A*d*f*h* (2%m+3) -Cx (a* (d*e*g+C*f*g+C*e*h) +2*b*C*e*g*m) +
( (Axb+a*B) *dxfxh* (2xm+3) -Cx (Z*a* (d*f*g+d*e*h+c*f*h) +b* (2xm+1) % (d*e*g+c*f*g+c*e*h) ) ) *X +
(b*B*d*'F*h* (2xm+3) +2xCx (a*d*f*h*m—b* (m+1) (d*f*g+d*e*h+c~kf*h) ) ) *x"2,x] ,x] /5
FreeQ[{a,b,c,d,e,f,g,h,A,B,C},x]| & IntegerQ[2+m] & GtQ[m,O]
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Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

Int[(a_.+b_.#x_ ) m_.% (A_.+C_.+x_"2)/(Sqrt[c_.+d_.*x_]+Sqrt[e_.+f_.xx_]+Sqrt[g_.+h_.*x_1),x_Symbol] :=
2xCx (a+bxx) *mxSqrt [c+d*x] x*Sqrt [e+f*x] *Sqrt [g+h*x]/(d*f*h* (2xm+3) ) +
1/ (d*fxhx (24m+3) ) xInt [ ((a+bxx)~(m-1) /(Sqrt[c+d=x] +Sqrt [e+fsx]«Sqrt[g+hxx]) )«
Simp [a*A*d*'F*h* (2%m+3) -Cx (a* (d*e*g+C*f*g+C*e*h) +2*b*c~ke*g*m) +
(A*b*d*f*h* (2xm+3) -C* (Z*a* (d*'F*g+d*e*h+C*'F*h) +b* (2xm+1) % (d*e*g+C*'F*g+C*e*h) ) ) *X +
2%Cx (a*d*f*h*m—b* (m+1) % (d*'F*g+d*e*h+c*'F*h) ) *x"2,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g,h,A,C},x]| && IntegerQ[2+m] && GtQ[m,0]

dx when2mezZ A m<©

) J (@a+bx)™ (A+Bx+Cx?)
Ve+rdx Ves+fx '\/g+hx

A+Bx+Cx?
1:J dx
Va+bx Vec+rdx Ve+fx Vg+hx

Rule:
A+Bx+Cx?
j dx —
Va+bx Vc+dx Ves+fx \/g+hx
cVa+bx Ve+fx \/g+hx
+
bfhVc+dx
C(de—c-F) (dg—ch)J~ Va+bx a
X+
2bdfh (c+dx)32Ve+fx Vg+hx
1
mj((ZAbdfh—C(bdeg+acfh) + (2defh—C(adfh+b(dfg+deh+cfh)))x)/(\/a+bx Vec+dx \/e+fx ‘\/g+hx])dlx
2

Program code:

Int[(A_.+B_.#x_+C_.*x_"2)/(Sqrt[a_.+b_.*x_]+Sqrt[c_.+d_.*x_]*Sqrt[e_.+f_.+x_]+Sqrt[g_.+h_.*x_]),x_Symbol] :=
CxSqrt [a+bxx] »Sqrt[e+f»x] »Sqrt [g+hxx]/ (bxfxhxSqrt[c+dxx]) +
Cx (d*e-c*f) * (d*g-c*h)/(z*b*d*f*h) *Int [Sqr't [a+b*x]/( (c+dxx)~(3/2) *Sqrt [e+f*x] *Sqrt[g+hxx] ) ,x] +
1/(2*b*d*f*h) *Int [1/(Sqrt [a+bxx] *Sqrt [c+d*x] *Sqrt [e+-F*x] *Sqrt [g+hxx] ) *
Simp [Z*A*b*d*f*h—C* (b*d*e*g+a*C*f*h) + (Z*b*B*d*'F*h—C* (a*d*'F*h+b* (d*f*g+d*e*h+C*f*h) ) ) *X,X] ,X] /5
FreeQ[{a,b,c,d,e,f,g,h,A,B,C},x]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q 17

Int[(A_.+C_.#x_"2)/(Sqrt[a_.+b_.+x_]*Sqrt[c_.+d_.*x_]+Sqrt[e_.+f_.+x_]+Sqrt[g_.+h_.*x_]),x_Symbol] :=
CxSqgrt[a+bxx] xSqrt [e+'F*x] *Sqrt [g+h*x]/(b*f*h*5qr‘t [c+dxx] ) +
Cx (dxe-cxf) » (dxg-cxh) /(2xbxdxfxh) +Int [Sqrt[a+bsx]/( (c+dxx)~(3/2) +Sqrt[e+fsx]+Sqrt[g+hxx]),x] +
1/(2*b*d*f*h)*Int[l/(Sqrt[a+b*x]*Sqrt[c+d*x]*Sqrt[e+f*x]*Sqrt[g+h*x])*
Simp [Z*A*b*d*f*h—C* (b*d*e*g+a*c*f*h) -Cx (a*d*f*h+b* (d*f*g+d*e*h+c*f*h) ) *X,X] ,X] /3
FreeQ[{a,b,c,d,e,f,g,h,A,C},x]

dx when2mezZ A m< -1

" J- (a+bx)™ (A+Bx+Cx?)
Ve+rdx Vesrfx \/g+hx

Rule:lf 2mez A m< -1, then

(@a+bx)" (A+Bx+Cx?)
dx —

Ve+rdx Ve+fx Vg+hx

(Ab*-abB+a’C) (a+bx)™Vc+dx Ve+fx Vg+hx

(m+1) (bc-ad) (be-af) (bg-ah)

1 J (a+bx)m™?
2(m+1) (bc-ad) (be-af) (bg-ah) J \/c,dx Ve+fx Vg+hx
(A(2a’dfh (m+1) -2ab (m+1) (dfg+deh+cfh) +b> (2m+3) (deg+cfg+ceh)) - (bB-aC) (a(deg+cfg+ceh) +2bceg (m+1)) -
2((Ab-aB) (adfh(m+1) -b(m+2) (dfg+deh+cfh))-C(a?(dfg+deh+cfh)-b’ceg(m+1) +ab(m+1) (deg+cfg+ceh))) x+
dfh (2m+5) (Ab?>-abB+a’C) x?) dx

Program code:

Int[(a_.+b_.*x_)“m_*(A_.+B_.*x_+C_.*x_“2)/(Sqrt[c_.+d_.*x_]*Sqrt[e_.+f_.*x_]*Sqrt[g_.+h_.*x_]),x_Symbol] e
(A*b“2—a*b*B+aA2*C)*(a+b*x)“(m+1)*Sqrt[c+d*x]*5qrt[e+f*x]*Sqrt[g+h*x]/((m+1)*(b*c—a*d)*(b*e—a*f)*(b*g—a*h)) -
1/(2*(m+1)*(b*c—a*d)*(b*e—a*F)*(b*g—a*h))*Int[((a+b*x)A(m+1)/(Sqrt[c+d*x]*Sqrt[e+f*x]*Sqrt[g+h*x]))*

Simp[A*(Z*aAZ*d*f*h*(m+1)—2*a*b*(m+1)*(d*f*g+d*e*h+c*f*h)+bA2*(2*m+3)*(d*e*g+c*f*g+c*e*h)) -
(b*B—a*C)*(a*(d*e*g+c*f*g+c*e*h)+2*b*c*e*g*(m+1)) -
2*((A*b—a*B)*(a*d*f*h*(m+1)—b*(m+2)*(d*f*g+d*e*h+c*f*h))-C*(aAz*(d*f*g+d*e*h+c*f*h)—bAz*c*e*g*(m+1)+a*b*(m+1)*(d*e*g+c*f*g+c*ee

d*f*h*(z*m+5)*(A*bAZ—a*b*B+aA2*C)*xAz,x],x] /3
FreeQ[{a,b,c,d,e,f,g,h,A,B,C},x] && IntegerQ[2+m] && LtQ[m,-1]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q 18

Int[(a_.+b_.#+x_)"m_% (A_.+C_.+x_"2) /(Sqrt[c_.+d_.*x_]+Sqrt[e_.+f_.+x_]*Sqrt[g_.+h_.*x_]),x_Symbol] :=
(Axb”2+a”2xC) * (a+bxx) ~ (m+1) *Sqrt [c+d*x] *Sqrt [e+'F*x] *Sqrt [g+h*x]/( (m+1) » (bxc-axd) » (b*e—a*f) * (bxg-axh) ) -
1/(2% (m+1) * (bxc-axd) » (bxe-axf) « (bxg-axh) ) +Int[ ((a+bxx)~ (m+1) /(Sqrt[c+d«x] »Sqrt[e+f+x] +Sqrt[g+hxx]))
Simp[A*(z*aAZ*d*f*h*(m+1)—2*a*b*(m+1)*(d*f*g+d*e*h+c*f*h)+bA2*(2*m+3)*(d*e*g+c*f*g+c*e*h)) +
a*C*(a*(d*e*g+c*f*g+c*e*h)+2*b*c*e*g*(m+1)) -
2% (A*b* (a*d*'F*h* (m+1) -bx (M+2) % (d*f*g+d*e*h+c*f*h) ) -Cx (a"Z* (d*‘F*g+d*e*h+c*'F*h) -b*2xcxexgx (M+1) +axbx (M+1) » (d*e*g+C*'F*g+C*e*h) ) ) *:
dxfxhx (25m+5) » (Axb 2+a724C) #x2,x],x] /;
FreeQ[{a,b,c,d,e,f,g,h,A,C},x] && IntegerQ[2xm] && LtQ[m,-1]

3: JP[X] (a+bx)™ (c+dx)" (e+-Fx)p (g+hx)%dx when (m|n) ez

Derivation: Algebraic expansion
Rule:If (m | n) € z,then

Jp[x] (@a+bx)" (c+dx)" (e+fx)? (g+hx)%dx — JExpandIntegr‘and[P[x] (@a+bx)" (c+dx)" (e+fx)? (g+hx)9, x] dx

Program code:

Int [Px_* (a_.+b_.*x_ ) m_.*(c_.+d_.*x_)"n_.* (e_. +'F_.*x_) Ap_.x(g_.+h_.*x_)"q_. ,x_Symbol] =
Int[ExpandIntegrand [Pxx (a+bxX) "mx (c+dxX) *nx (e+fxx) *px (g+hxx) ~q,x],x]| /;
FreeQ[{a,b,c,d,e,f,g,h,m,n,p,q},x] & PolyQ[Px,x] && IntegersQ[m,n]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"p (g+h x)"q

4: JP[X] (@a+bx)" (c+dx)" (e+fx)? (g+hx)9dx

Derivation: Algebraic expansion

Basis:
P[x] == PolynomialRemainder [P [x], a+bXx, x] + (a+bx) PolynomialQuotient[P[x], a+ b X, X]

Note: Reduces the degree of the polynomial, but results in exponential growth.
Rule:

JP[X] (@a+bx)" (c+dx)" (e+fx)? (g+hx)%dx —

PolynomialRemainder[P[X], a + b X, X] J(a +bx)" (c+dx)" (e+ Fx)P (g+hx)Tdx+

jPolynomialQuotient [PIx], a+bx, x] (a+bx)™ (c+dx)" (e+fx)? (g+hx)%dx

Program code:

Int[PX_# (a_.+b_.*X_)™M_.% (C_.+d_.#X_)*n_.x (e_.+F_.*x_)"p_.*(g_.+h_.*x_)"q_.,x_Symbol] :
PolynomialRemainder [PX,a+bX,X] +Int [ (a+bx) "m# (C+d*X) *nx (e+fxx) ~p* (g+hxx)~q,x]| +
Int [PolynomialQuotient [PX,a+b*X,X] * (a+b*X) ~ (M+1) # (C+d#X) “nx (e+Fxx) "px (g+h*X) ’\q,x] /3
FreeQ[{a,b,c,d,e,f,g,h,m,n,p,q},x] & PolyQ[Px,x] && EqQ[m,-1]

Int [Px_* (a_.+b_.*x_)™m_.*(c_.+d_.*x_)"n_.* (e_. +'F_.*x_) Ap_.x(g_.+h_.*x_)"q_. ,x_Symbol] 8

PolynomialRemainder [PX,a+bX,X] +Int [ (a+bx) "m# (C+d*X) *n* (e+fxx) ~p* (g+hxx)~q,x]| +
Int[PolynomialQuotient[Px,a+b*x,x]*(a+b*x)"(m+1)*(c+d*x)"n*(e+f*x)"p*(g+h*x)"q,x] /3
FreeQ[{a,b,c,d,e,f,g,h,m,n,p,q},x] & PolyQ[Px,x]
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